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Eddy-current inspection for nondestructive evaluation has traditionally been investigated in terms of coil impedance signals via theo-
retical and experimental methods. However, advanced eddy-current techniques use solid-state sensors such as Hall devices, giant mag-
netoresistive sensors, anisotropic magnetoresistive sensors, and superconducting quantum interference devices for magnetic field mea-
surement to achieve better sensitivity and high temporal and spatial resolution in material evaluation and characterization. Here, we
review the Dodd and Deeds integral model and use the truncated region eigenfunction expansion (TREE) method for computation of
the magnetic field. This results in series expressions instead of integral ones. Thus, the computation is both simplified and speeded up
so that it becomes convenient for solving one-dimensional eddy-current inverse problems. We compare the theoretical results from the
analytical model with the results from a numerical simulation based on the finite-element method in terms of accuracy and computation
time.
Index Terms—Eddy current, magnetic field measurement, truncated region eigenfunction expansion.
I. INTRODUCTION
MULTI-LAYERED conductive structures (MCS) arecommonly used in pipelines, airplanes, water jet peened
components, and so on, for various purposes. To evaluate the
integrity and structural health of such structures, electromag-
netic nondestructive evaluation (ENDE) techniques, especially
eddy current (EC) and transient eddy current, are preferred and
used in real-time inspections [1].
In conventional EC, coil impedance measurement is used,
predicted by both analytical and numerical methods for a better
understanding of the impedance signals corresponding to lay-
ered structures, which benefits the inverse process of measured
signals in extracting information on the structures [2]. Eddy-cur-
rent testing traditionally relies on the detection of impedance
changes in a pickup coil as it moves across the inspected spec-
imen. To detect deep flaws in conductive materials, low excita-
tion frequencies are required to make the eddy current penetrate
deeply enough. Because the sensitivity of normal pickup coils is
proportional to the excitation frequency, standard eddy-current
techniques are insufficient for detecting deep subsurface flaws.
In such cases, it is more advantageous to measure the magnetic
field rather than its rate of change (coil impedance change) and
hence magnetic field detectors such as Hall sensors, giant mag-
netoresistive (GMR) sensors, or superconducting quantum in-
terference devices (SQUIDs) [3], [4] are used. Accordingly, it
is imperative that the solution to the forward problem of EC
via analytical and numerical approaches should be compatible
with signals measured from magnetic field sensors via an exper-
imental approach. To the knowledge of the authors, the mag-
netic field measurement was conducted mainly with transient
eddy-current testing [5]–[8]. Even though the conductivity pro-
file inversion using magnetic field measurement has been sug-
gested to improve the impedance-based approaches, only a few
studies were conducted to compare theoretical and experimental
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results particularly for the magnetic field signals in eddy-current
testing configurations using solid-state magnetic field sensors,
[9], [10].
Following the headway made by Dodd and Deeds in ana-
lytical modeling of EC in ENDE [11], the truncated region
eigenfunction expansion (TREE) method paved the way for
developing analytical methods applied to ENDE, which re-
places magnetic vector potential in the integral form with
that in a series of proper eigenfunctions within the truncated
region of interest and therefore saves computing effort without
sacrificing accuracy. Until now, the TREE method has been
successfully employed in analytical modeling for prediction of
coil impedance response to a finite length rod [12], slotted con-
ductive plate [13], hole in a plate [14], conductive wedge [15],
ferrite-cored coils [16], and so on. Good agreement of predicted
impedance with experimental results has been achieved.
In this study, the TREE method was modified and made
feasible to predict magnetic field signals rather than coil
impedance. The magnetic vector potential in the governing
equation for EC was solved in terms of a series of eigen-
functions along with expansion coefficients, followed by the
derivation of the magnetic field at the center of the coil where
a Hall device was deployed in practical experiments. The
magnetic field within the range of excitation frequencies was
predicted with the extended TREE method (ETREE) as well
as the finite-element method (FEM), which was subsequently
compared with experimental results.
II. THEORETICAL BACKGROUND
A. Integral Expressions
Consider the axisymmetric configuration of a cylindrical coil
of rectangular cross section located above a layered conductor
system, as shown in Fig. 1. The total magnetic field in the air
region above the layered conductor system is given by the fol-
lowing equation:
(1)
where is the field produced by the isolated coil and
is the field change caused by the layered system. Following the
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analysis in [11] and [17], the closed-form expression for the
-component of the source field depends on the specific region
with respect to the axial distance and is given in general form
by
(2)
where
(3)
The other terms of the integrand include the Bessel function
and the integral
(4)
and the term is the source current
density of the coil with denoting the number of wire turns.
The -component of the field change due to the layered system
is given by the integral expression
(5)
where is essentially a reflection coefficient that describes
the effect of the layered system. In the context of this paper, the
three-layered system of Fig. 1 has been modeled. The model
comprises a top layer having conductivity , relative magnetic
permeability and thickness , a middle layer having con-
ductivity , relative magnetic permeability and thickness
; and a bottom layer extending to infinity and having
conductivity and relative magnetic permeability . In this
case [13]
(6)
where
(7)
(8)
For a two-layered system, this can be modeled, for example, by
setting , the reflection coefficient simplifies to
(9)
whereas for a one-layered system (essentially a conductive half-
space modeled by setting ) it reduces to
(10)
In (6)–(10), and . Similar
expressions for the two-layer case, simulating a conductive plate
Fig. 1. Cylindrical coil of rectangular cross-section above a three-layered con-
ductor system.
with application to SQUID NDE have been given in [18] but for
the limiting case of a filamentary loop.
B. ETREE Modeling and Solid-State Magnetic Field Sensing
The numerical calculation of (2) and (5) may present some
numerical difficulties, because either appropriate cut-off regions
have to be set or automatic integration routines have to be uti-
lized. These difficulties are overcome by a novel approach that
replaces the integral expressions with series ones after trun-
cating the solution region at an appropriate radial distance
. Although the number of series expressions and the radial dis-
tance bring about computational errors, the error can be more
readily controlled [15]. This approach has been used for the so-
lution of many canonical eddy-current NDE problems and is
called the TREE method. Following the analysis in [12] and
[13], the following series expressions can be derived for the
source magnetic field as well as for the field change at a par-
ticular point above the layered conductor:
(11)
(12)
where the eigenvalues of are now the positive roots of the
equation
(13)
or equivalently
(14)
The remaining terms are similar to those in the integral expres-
sions; also, the index now refers to a particular summation
term.
Equations (11) and (12) offer a number of advantages as com-
pared to (2) and (5), which are similar to those for the coil
impedance presented in [19].
Moreover, they can be readily computed with moderate effort
using mathematical packages such as Mathematica or Matlab.
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Mathematica has intrinsic routines for calculating Bessel func-
tion roots and the integral in (4).
Thus, the numerical computation of the magnetic field as a
function of frequency for a logarithmic frequency scan, takes
no more than 1 s in a typical Pentium processor computer.
It is worth noting that the solid-state magnetic field sensor,
like the Hall device, does not measure the magnetic field at a
particular point but that within the volume of its sensing ele-
ment, because the dimension of the sensing element cannot be
negligible with respect to the coil size. Therefore, (11) and (12)
should be modified to derive the formulation of averaging mag-
netic field within the volume of Hall sensing element.
It was assumed that the length and thickness of the element
are and , respectively. First, the element in cubic geometry
was converted into cylinder while its volume and thickness were
kept unchanged. If the modified element in cylindrical geometry
has the radius of and thickness of , by taking the volume
integration, (11) and (12) can be rewritten as
(15)
(16)
where .
To derive the integral of Bessel function , the fol-
lowing identity [20] can be used:
(17)
Consequently, the modified formulations for computing the
mean magnetic field and its variation due to layered conductors
can be written as
(18)
(19)
Equation (19) can be written in a more compact form as
(20)
The closed-form expressions of (18) and (19) are the formula-
tions of ETREE to predict the magnetic field signals picked up
by Hall devices.
In (19), only the depends on the excitation frequency.
When the excitation frequency sweeps within a certain range,
only has to be computed for every frequency while the
other terms are calculated only once. This results in substantial
saving of computation time. Such saving is significant, because
what is required in various inversion schemes is a fast-forward
solution in terms of the frequency.
III. FEM SIMULATIONS
In addition to analytical modeling, eddy-current phenomena
were also investigated via numerical simulations including FEM
[21], finite network [22], [23], and so on. The FEM simula-
tions were carried out to compare the accuracy and efficiency of
ETREE. Two-dimensional axisymmetric models were built up
for different layered structures. The FEM program was written
in Matlab in conjunction with the commercial FEM simulation
package Comsol Multiphysics [24].
Because FEM is a mesh-dependent method, dense mesh was
chosen especially within the cross sections of the coil, Hall
sensing element, and layered samples to obtain the converged
results. In balance of computation time and simulation accuracy,
the number of elements was set as 61 805; the relative errors be-
tween FEM and ETREE are less than 0.05%.
IV. COMPARISON OF RESULTS AND DISCUSSION
A. Experimental Study
The -component of the magnetic field above a layered
planar structure was measured using a Hall sensor and the mea-
surements were compared with both analytical and numerical
results.
The schematic of the experimental setup is shown in Fig. 2
along with a close-up image of the excitation coil presented
in Fig. 3. A waveform generator and a power amplifier were
employed as the coil power source to power the excitation
coil with sinusoidal current from 20 Hz to 10 kHz. Since the
coil power source was a constant voltage source which kept
the output peak-to-peak voltage at preset voltage for variable
frequencies, the current through the excitation coil varied
with different excitation frequencies. Both the magnitude and
frequency of the resultant excitation current were measured in
parallel to the quantification of magnetic field during the ex-
periments. The excitation data were imported into ETREE and
FEM simulations for theoretical study. In addition, to avoid the
coil thermal drift during excitation, the current amplitude was
set at less than 91.5 mA (maximum value at lowest frequency)
within the frequency range.
The Hall device (SS495A) was used to evaluate the -com-
ponent of the overall magnetic field and placed at the center
of the excitation coil. A circuit power source was adopted to
power the Hall device as well as the signal conditioning circuit
where an INA111 high-speed FET-input instrumentation ampli-
fier was chosen. The preprocessed signals were then obtained
by a data acquisition card installed in a computer and controlled
by a signal acquisition and processing program implemented in
LABView.
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Fig. 2. Schematic experimental setup for EC.
TABLE I
DIMENSION AND PROPERTIES OF THE LAYERED STRUCTURE
TABLE II
COIL PARAMETERS
Fig. 3. Excitation coil with Hall device.
The dimensions and properties of the layered structure and
the EC excitation coil employed in simulation and experimental
study are shown in Tables I and II, respectively.
The lift-off of the excitation coil was determined by the ac-
tual thickness of the coil holder. The DC inductance and resis-
tance of the coil were measured using an inductance–capaci-
tance–resistance (LCR) Bridge with a frequency of 100 Hz. The
measured coil inductance showed a discrepancy of 1% from the
theoretical value of 19.6 mH. The resonance frequency of the
excitation coil was 23.6 MHz.
After destructive investigation, the dimension of the sensing
element was found to be 0.91 0.46 mm in Hall device
SS495A. Because its center was located at the center of the
excitation coil, 0.5 mm above the surface of specimen, the
second and third expressions of (3) were employed in ETREE
modeling.
B. Two-Layer Case Study
The EC response to a two-layered specimen which consisted
of an aluminum plate as the upper layer and air below the plate
as the bottom layer, was first investigated via simulations of
ETREE and FEM as well as experimental study. The frequency
of excitation was swept from 20 Hz to 10 kHz. The comparison
is illustrated by plots in Figs. 4(a) and 5(a).
C. Three-Layer Case Study
Following the investigation of EC response to a two-layered
specimen, a three-layered specimen was introduced, which
comprised an aluminum plate as the upper layer, a Brass plate
as the medium layer, and air as the bottom layer. At each
frequency, the -component of the magnetic field was obtained
at the center of the coil on the coil axis through the experiments,
ETREE and FEM. The comparison is shown in Figs. 4(b) and
5(b).
D. Discussion
1) Accuracy: In general, the predicted magnetic field signals
over the excitation frequency range via ETREE and FEM
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Fig. 4. Magnetic field versus excitation frequency in logarithmic scale for (a)
two-layered sample and (b) three-layered sample.
show good agreement with the experimental results. The cross
differencebetweenexperimental test,analyticalmodel(ETREE),
and numerical model (FEM) is within 1%, which is at almost
the same level as conventional modeling for impedance signal
[11], [19], [25]. The analytical approach provides the compact
closed-form expressions of magnetic field signals, which is
entirely mesh-independent. In contrast, a highly dense mesh
was chosen to obtain converged results when FEM simulations
were conducted, which made FEM a lot more time consuming
than ETREE. Unlike coil based impedance signals, the phase
variation of the magnetic field was not investigated and the
results are presented in terms of the magnitude of the magnetic
field.
However, there is very small discrepancy between the pre-
dicted and experimental results, as can be seen in Fig. 4. In the
low-frequency range from 20 Hz to 1 kHz, where the influence
of eddy current generated inside the conductive specimen was
much smaller, the deviation of predicted values from the exper-
iment was caused by the difference in DC inductance of the ex-
citation coil between theory and experiment. In addition, the in-
Fig. 5. Magnetic field per unit excitation current versus excitation frequency
in logarithmic scale for (a) two-layered sample and (b) three-layered sample.
trinsic noise of the Hall device is assumed to contribute to the
discrepancy.
The results of theoretical study, in the frequency range of
1 kHz to 10 kHz, agree well with the experimental results.
Nevertheless, the difference between theory and experiment is
higher for the three-layer case than the two-layer one. The small
difference may be caused by a very small gap (approximately
0.1 mm) between the aluminum plate and brass plate, while
in the theoretical model no gap is assumed. In further work,
if a thin air layer is modeled between the two conductors, the
discrepancy would be cancelled.
2) Computation Time: The computation time is one of the
most important factors used in evaluating the efficiency of sim-
ulations. Both ETREE modeling and FEM simulation were con-
ducted in a computer with 2.13 GHz CPU and 1 GB RAM. The
number of computed frequencies was 21 from 20 Hz to 10 kHz.
The time consumed via ETREE and via FEM can be compared
from the data shown in Table III.
In Table III, ETREE is much more efficient than FEM, even
though the FEM simulations were implemented in Matlab to
save computation time. Apparently, ETREE exhibits superiority
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TABLE III
COMPUTATION TIME SPENT ON ETREE AND FEM
over FEM, because ETREE provides the compact closed-form
solution to forward time-harmonic problems. Moreover, most
parameters in the formulations need to be computed only once
over the frequency domain, and this makes the computation of
magnetic field equations in form of series expansions very fast.
V. CONCLUSION
In this work, new models for magnetic field monitoring rather
than traditional detection coils were investigated and analyzed
via simulations of EC response to a multilayered conductive
structure. Based on the results, ETREE has advantages in the
solution of TREE for magnetic-sensor-based EC forward prob-
lems. The paper also introduces a new innovation by modeling
the Hall-effect sensor as having a finite volume. The conclusions
are drawn as follows.
• A good agreement can be found among ETREE, FEM, and
experimental tests, which fulfills the requirements from
more and more EC inspection systems using magnetic
sensing systems for nondestructive testing and evaluation
(NDT&E).
• ETREE is mesh-independent and offers closed-form ex-
pressions, so magnetic field signals can be derived from
different excitation frequencies effectively and accurately.
The theoretical modeling method can be beneficial for the
design and development of eddy-current NDT&E systems
and inverse processes in characterizing of each layer,
including conductivity and thickness, that is, the layered
structure’s conductivity profile.
As a follow-up of the current work, further investigation
needs to focus on: 1) investigating magnetic-field-based pulsed
eddy-current inspection on layered conductive specimens via
theoretical and experimental approaches and 2) extending
theoretical modeling to other electromagnetic applications.
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